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Answer all questions. All the parts of each question must be answered in continuation, otherwise 
they will not be graded. 
 
 1. (a) Using Sandwich theorem, determine the limit of the sequence 1{ }n nx ∞

= , where   3 3 3

4 4 4
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 Solution: 3 3

4 42 4 2 3 1n
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+ + +
 …………………(2 marks) 

      1
lim

2nn
x

→∞
= . ……………………………………………….. (3 marks)  (b) Prove that the sequence { } 1n ns ∞

=  defined by 1 5n ns s+ = , 1 1s =  is convergent.          [5] Solution: { }ns  is increasing , since 1n ns s+ > . ……………………………………………..(2 marks) 
{ }ns  is bounded above by 5 since 1 5s <  and 5ns <    1 5ns + < . ……………..(3 marks) Thus, { }ns  is convergent.  2. (a) Let :f →   be a continuous function and let c ∈ . Show that if 0x ∈  is such that 

0( )f x c> , then there exists a 0δ >  such that ( )f x c>  for                       all 0 0( , )x x xδ δ∈ − + .                                         [5]  Solution: Since 0( ) 0f x c− > , choose 0ε >  such that 00 ( )f x cε< < − .  Since, f is continuous at 0x ,  for this choice of ε , there exists a 0δ > , such that 
0 0( ) ( )x x f x f xδ ε− <  − < . …………………………………………………………   (2 marks) Hence, for all 0 0( , )x x xδ δ∈ − + , 0( ) ( )f x f x cε> − > …………………………..(3 marks)  Alternatively, let 0δ >  does not exist such that ( ) 0f x <  in interval ( ),c cδ δ− + . Then, in every interval 1 1

, , ,c c n N
n n

 − + > 
 

 there exists an ( ),nx a b∈ , such that 
( ) 0 lim ( ) 0 ( ) 0n nn

f x f x f c
→∞

≥  ≥  ≥ , a contradiction. 



(b) Using the definition of differentiability, determine the non-negative real numbers α for which the function 2 1
( ) sin 0, (0) 0g x x for x g

x
α= ≠ =  is differentiable at 0x = . Give complete arguments justifying your answer.                               [5]  Solution: 1 2( ) (0) 1

( ) sin
g x gx x

x x
αϕ −−= =  

11 2 1
sin 0 0, 1x x as x if

x
αα α−− ≤ → → >  ( )g x is differentiable at 0x =  for 1α > .    [1 marks] 

For 1α = , 2

0 0

1
lim ( ) lim sin
x x
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ϕ
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=  does not exist, since for 1
nx

nπ
= , 2 1

lim sin 0
n nx→∞

=  and for 
2
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n π

=
+

, 2 1
lim sin 1
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= . Therefore, ( )g x is not differentiable at 0x =  for 1α = .  [2 marks] 
For 0 1α< < , 1 2
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1
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=  does not exist since for 1
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= , 1 2 1
lim sin 0nn n
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→∞
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and for 1
nx

nπ
≠ , 1 2 1

lim sinnn n
x

x
α −

→∞
= ∞ .  Therefore, ( )g x is not differentiable at 0x =  for 0 1α< <        [2 marks]  3. (a) Use Mean Value Theorem to determine ( ) ( )1 1lim 2 tan 2 tan

x
x x x x− −

→∞
 + + −  .                                    [5] Solution.  Let 1( ) tanf x x x−= . Then, f  satisfies the conditions of MVT in [ ], 2x x + .  (1 mark)               for some ( ), 2c x x∈ + , ( ) ( )1 1 1

2
2 tan 2 tan 2 tan

1

cx x x x c
c

− − − + + − = + + 
…….(2 marks) 

                                                            2
2

π π→ × =  as x → ∞ ……………………………………………(2 marks) 
(b) Prove that tanx x<  for 0,

2
x π ∈ 

 
.                                                [5] Solution. Let ( ) tang x x x= − …………………………………………………….(1 mark) Then, 2( ) 1 tan 1 0g x x′ = + − >  ( ) 0,

2
g x in π ↑   

………………….(2 marks) 
  ( ) (0) 0g x g> =   tan x x> ………………………………………………(2 marks)        



4. (a) Let 0na ≥ . Show that both the series 
1

n
n

a
∞

=
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a
a
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= +  converge or diverge together.                [5] 
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+  ……………(3 marks)   (b) Let 2

2
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. Find (i) asymptotes of f  (ii) Locate the intervals where f  is increasing or decreasing (iii) Locate the points of local maxima and minima of f  (iv) Locate the intervals where f  is convex or concave (v) Sketch the graph of f .                              [5]  Solution: (i) Asympltotes at 2, 1, 1y x x= = = − ………………………………………………  (1 mark)             (ii) increasing on ( , 1) ( 1,0)−∞ − ∪ −  , decreasing on (0,1) (1, )∪ ∞  …  (1 mark)            (iii) 0 is local maxima                        ………………………………………………  (1 mark)                  (iv) convex in ( ,1) (1, )−∞ ∪ ∞  concave in ( 1,1)−   ………………………………..  (1 mark)            (v) correct sketch                           …………………………………………………  (1 mark)    

      

 



5. (a) State Generalized Mean Value Theorem precisely. Using this theorem and the inequality 
3

sin
3!

xx x> −  for 0x > ,  prove that 3 5

sin
3! 5!

x xx x< − +  for 0x > .             [5]   Solution: Correct Statement: ………………………………………………..(1 mark) Let 3 5

( ) sin , ( )
3! 5!

x xf x x x g x= − + =  
GMT  2
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( ) (0) cos 1 ( / 2!)
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 …. (*)…………………..(2 marks)     
Using GMT again, 2

4 3

cos 1 ( / 2!) sin

/ 4! / 3!

x x d d
x d

− + − += 1< , (by the given inequality)……..(2 marks) 
  Expression in (*) 1< .    (b)  Suppose  a  function ( )h x   is  three times differentiable function on [ ]1, 1− , ( )1 0,h − =  

( )1 1h = ( )0 0and h′ = . Use Taylor’s theorem to prove that ( ) 3h c′′′ ≥  for some ( )1, 1c ∈ − .        [5] 

 
Solutions: By Taylor’s theorem, 

 ( ) ( ) ( ) ( ) ( )10
1 0 0

2! 3!

h h c
h h h

′′ ′′′
′= + + +  for some ( )1 0, 1c ∈    (1 mark) 

 ( ) ( ) ( ) ( ) ( )20
1 0 0
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h h c
h h h

′′ ′′′
′− = − + −  for some ( )2 1, 0c ∈ −  (1 mark) 
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  either ( )1h c′′′  or ( )2h c′′′  ≥  3.     (1 mark)   6. (a) Show that there is no continuous function ( )f x  such that 2
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=  for all n.        [5]          Solution: Suppose such a function exists. Let 
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−−
 ≤ →  .       (3 marks)  (b) Prove that a functions ( )f x  continuous on the interval [ , ]a b  is Riemann Integrable                      on [ , ]a b .                                    [5]  
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Solution:  Let 0ε > . ( )f x  continuous on the interval [ , ]a b ( ) ( )f s f t for s tε δ − < − <  for some 
0, , [ , ]s t a bδ > ∈ .         

, 1, 2,...,i iM m for i nε − < = , for a a partition of 0 1{ , ,...., }nP a x x x b= = =  of [ , ]a b  with 
1i i ix x x δ−Δ = − < , 

1
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i i

i
x x x

M f x
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i i

i x x x
m f x
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U P f L P f M m x b aε
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 − = − Δ < − ( )f x is Riemann Integrable on [ , ]a b .(3 marks) 




