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Answer all questions. All the parts of each question must be answered in continuation, otherwise
they will not be graded.

1. (a) Using Sandwich theorem, determine the limit of the sequence {X.}_;, where

n® n’ n®
X, = — — T [5]
2n"+3n+1 2n"+3n+2 2n" +4n
n’ n®
Solution: NX——— <X, SNX————— e (2 marks)
2n" +4n 2n"+3n+1
. 1
= lIMX, == s (3 marks)
N—oo 2
(b) Prove that the sequence {Sn}::l defined by S,,; =+/5S,, S =11is convergent. [5]
Solution: {s,} is increasing, since S,q > . ceeveerrrvenesivsimsessisnssseees e (2 marks)
{Sh} is bounded above by 5 since 5, <5 and §, <5 = S,,; <5.................(3 marks)

Thus, {Sn} is convergent.

2. (a) Let f:R—R be a continuous function and let ce R. Show that if X;€ R is such that
f(x%)>c, then there exists a 0>0 such that f(X) >c for
all xe (xg—9,% +9). [5]

Solution: Since f(X;)—C>0, choose € >0 suchthat O< &< f(X;)—cC.

Since, f is continuous at X, for this choice of &, there exists a 0 >0, such that
[X=%o| <E = [F(X) = F(Xg)| <€+ worrvrrrrmeirerrerssssseerere e (2 marks)

Hence, forall Xxe (Xg—9,%+9), T(X)> F (X)) =€ >C i (3 marks)

Alternatively, let § >0 does not exist such that f(x) <O in interval (C— &, C+J). Then, in every

1 1
interval (C——, C+—j, n>N, there exists an X, € (a, b), such that
n n

f(x,)20=lim f(x,) 0= f(c) >0, a contradiction.
N—c0



(b) Using the definition of differentiability, determine the non-negative real numbers ¢« for which
.21

the function g(X)=x*sin?= for x=0, g(0)=0 is differentiable at Xx=0. Give complete
X

arguments justifying your answer. [5]

Solution: (p(X):M: -1 g 21
X

X7 7sln
X

o1 2&

x“7sin S|X|0(_l —0as x— 0, ifa>1= g(X)is differentiable at Xx=0 for & >1. [1 marks]
X

. ! 1 .21
For ar=1, limg(x)=limsin®= does not exist, since for X, =—, lim sin?~==0 and for
x—0 x—0 X NZT noe Xn

X, :L, lim Sinzi =1. Therefore, g(X) is not differentiable at X=0 for & =1. [2 marks]
2N+ noe X,
. o g1..021 L 1 . sa.01
For O<a <1, limg(x)=limx“~sin“= does not exist since for X,=—, limx; ~sin®—=0
x—0 x—0 X NT  noe Xn
1 .. 1.21
dfor x, #—, limx¥*sin? —=oo.
and for X, — n_mxn
Therefore, g(X) is not differentiable at X=0 for O< <1  [2 marks]
3. (a) Use Mean Value Theorem to determine lim [(X+ 2)tant(x+2)—x tan™" X] . [5]
X—00
Solution. Let f(X)=Xtan™x.Then, f satisfies the conditions of MVT in [%, x+2]. (1 mark)
_ _ _ C
= for some Ce (X, X+2), (x+2)tan™"(x+2) - xtan 1x:Z{tan 1c+1 2} ....... (2 marks)
+C
D 2X =T @S X7 00 sttt et er et s (2 marks)
(b) Prove that X < tan X for Xe (o, %) [5]
Solution. Let g(X) = taN X — X cceoveveerrerrnererre s sereeseveeeeesesneeenenenen (1 mark)
Then, g'(X) =1+tan’x-1>0= g(x) T in {0, %} ...................... (2 marks)

= g(X)>g(0) =0 = tAN X > X eoeorrreieerrreeere e (2 marks)



4. (a)Let a, = 0. Show that both the series Z a, and z & converge or diverge together. [5]
n=1 n=1
Solution: (i) Since,0< s <a,,
1l+a,
> a, convergent = zi(by comaprisontest) is convergent ........... (2 marks)
n=1 n=1 1+ an
. 1 a,
(i) Sncel<l+a, <2 eventually, 0< Ean < 1 . Therefore,
+
> a convergent = » a, convergent (by comaprisontest) ...............(3 marks)
n=1 + n=1
2x% -1

(b) Let f(x)=— . Find (i) asymptotes of f (ii) Locate the intervals where f is increasing or

decreasing (iii) Locate the points of local maxima and minima of f (iv) Locate the intervals where f is

convex or concave (v) Sketch the graph of f . [5]
Solution: (i) Asympltotesat Y =2, X =1L X ==L ..cccceiiirrrirrerrrrere e (1 mark)
(ii) increasing on (—oo,—1) U (-1,0) , decreasing on (0,1) U (1, 0) ... (1 mark)
(iii) O is local maxima = = (1 mark)
(iv) convex in (—o0,1) U (L, e0) concave in (—11) ..ocooverrrrnenirririreneneecnn (1 mark)
(V) correct sketch (1 mark)
- o
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3

(a) State Generalized Mean Value Theorem precisely. Using this theorem and the inequality

. X . XX X
SInX>X—§ for x>0, prove that SINX< X——+— for x> 0. [5]
Solution: Coi‘rect SEAtEMENT: .oviiviie e e e s (1 mark)
¢ X2 X
Let f (X) =sinX—X+—, g(X
et () = 5 0=
_ I
GMT = f)= 1 (0) cosc—1+ (C /2! ) e (B e (2 marks)
9(x)—9(0) c*/al
_ . cosx—1+(x*/2!) —sind+d L .
Using GMT again, = <1, (by the given inequality)........ 2 marks
g g &l 4%/31 (by the g quality).......( )
= Expression in (*) <1. Alternatively, use Taylor's Theorem.
(b) Suppose a function h(x) is three times differentiable function on [-1 1], h(-1)=0,
h(1)=1 and h’(0)=0. Use Taylor’s theorem to prove that h”'(c) >3 for somece (-1 1). [5]
Solutions: By Taylor’s theorem,
, h/l(o) h/ll(cl)
h(1)=h(0)+h"(0)+ o + 3 for some ¢, € (0, 1) (1 mark)
, hl/(o) h/l/(CZ)
h(-1)=h(0)-h"(0)+ o 3 for some ¢, € (-1, 0) (1 mark)
h/// h///
= (Cl); (c) =1 (2 marks)
= either h”(c,) or h”(c,) = 3. (1 mark)
Lo e”2
6. (a) Show that there is no continuous function f (X) such that Ien *f (X) dx=— forall n. [5]
n

0
Solution: Suppose such a function exists. Let sup f(X) =M . Then,
xe[0,1]

2
n —
M(e—zl) (2 marks)
n

2

n 1

=|[ £ (e dx

0

M Md-e") ) - 0= #. (3 marks)
n

<M

1 2
'[e” *dx| =
0

(b) Prove that a functions f(X) continuous on the interval [a, b]

on [a, b].

is Riemann Integrable

[5]


gpk
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Alternatively, use Taylor's Theorem.

gpk
Text Box


Solution: Let £ >0. f(X) continuous on the interval [a, b] = | f(s)-f (t)| <¢ for |S—t| < J for some
0>0,ste[a, b].

=M, -m<eg, fori=12,..,n, for a a partition of P={a=Xxy,X,.....,%,=b} of [a b] with
AX =X —%_4<0,M;= sup f(x)and m =
X

inf  f(X). (2 marks)
X1 SX<X SXSX

1

=U(P,f)-L(P, )= Z(Mi —m)Ax < &(b—a) = f(X)is Riemann Integrable on [a, b].(3 marks)
i=1





